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Turevin Yorumu

Birinci Turev

Birinci ve ikinci tlirevlerinin verdigi bilgilerden f’(x) veya df/dx olarak yazilan f(x) fonksiyonunun ilk
turevi, x noktasindaki teget cizgisi fonksiyonun egimidir.

Grafik olmayan terimlerle ifade etmek gerekirse, ilk tlrev bize bir fonksiyonun nasil arttigini veya
azaldigini ve ne kadar artacagini veya azalacagini soyler.

Pozitif egim bize x arttikca f(x)'nin de arttigini soyler. Negatif egim bize x arttikca f(x)’in azaldigini
soyler. Sifir egim bize 6zel bir sey soylemez: fonksiyon o noktada artar, ne azalir veya yerel
maksimumda veya yerel minimumda olabilir.

Turevler acisindan bu bilgileri yazarken sunu goéruyoruz:

d];(p) > 0, ise f(x), x = p’de artan bir fonksiyondur.
d];gcp) < 0, ise f(x), x = p’de azalan bir fonksiyondur.
af (p)

= (0, ise ozaman x =p, f (x)'in kritik noktasi olarak adlandirilir ve x(p)’deki f (x) 'nin davranisi
ﬁkmda yorum yapilamaz.



Turevin Yorumu

Ikinci Turev
2
e Bir fonksiyonun ikinci turevi, f”’ (x) veya dx]; olarak yazilir. ik tiirev bize fonksiyonun
arttigini veya azaldigini soylese de, ikinci tirey,

— 1 de(p) . — 1 v . «

e Xx=p'de — >0 ise, f(x), x = p'de yukari dogru kavislidir.
2

e x=p'de dda(f) <0 ise, f(x), x = p'de asagi dogru kavislidir.

Al de(p) N 1 Al . -
e x=p'de 2 =0 ise, o zaman f(x) 'in x = p'deki davranisi hakkinda bir yorum

yapamiyoruz.

e Birinci turevin anlamindan x, f(x) fonksiyonunun kritik bir noktasi oldugunda, o noktada
fonksiyonun davranisi hakkinda bir yorum yapabilmek icin, x’in bolgesel maksimum veya
bolgesel minimum oldugunu 6grenmek icin genellikle islevin ikinci ttrevi kullanilr.



Denge — Donum - Eyer Noktalari

Bir f fonksiyonunun konvekslikten konkavliga veya konkavliktan konvekslige gectigi ve
fonksiyonunun stirekli oldugu noktaya donum (buiktm) noktasi adi verilir.

Denge, degismeyen bir sistem durumudur.
Iki boyutlu bir uzayda kararl denge: digiim ve odak

Bir sistemin dinamikleri bir diferansiyel denklem veya bir diferansiyel denklem sistemi ile
tanimlaniyorsa, o zaman denge noktasi bir turevi (tim turevleri) sifira ayarlayarak tahmin
edilebilir.

Ozdegerlerin hicbirinin gercek kismi yoksa denge noktasi hiperboliktir.
Tum 6zdegerlerin negatif gercek kismi varsa, denge kararli bir denklemdir.
En az birinin pozitif bir gercek kismi varsa, denge kararsiz bir digumdur.

En az bir 6zdegerin negatif gercek kismi varsa ve en az birinin pozitif gercek kismi varsa, denge
bir eyer noktasidir.
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Belirsizlik

e - Belirsizlik Hali
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Bu belirsizlik hali. 4 — v = £ esitligi yardmuyla 3 belirsizlik haline déniistiirebilir.

uv

o 0°%x°1” Belirsizlik Halleri

x sonlu bir degere veya += degerlerine yaklastizinda y = [u(x)]"™ bi¢imindeki fonksiyonlar bu
belirsizlik hallerinden birini verebilir. Bu durumda her iki tarafin logaritmasi alinarak

Iny = v(x)In u(x)

esitligi elde edilir. Sagdaki ifadenin limiti. 0.o0 belirsizligine sahip olur. Bu limiti bilinen yolla
hesaplanir.

limlny = A ise limy = e? olur.
X—=a X—a



Kavramlar



Dinamik Sistem

X = T (X)

Lineer zamanla degismeyen bir devrede
elemanlardan en az bir tanesi enduktans, kapasite

gibi enerji depolayan eleman ise o devreye lineer
zamanla degismeyen dinamik devre denir.



Denge Noktasi

Lineer zamanla degismeyen ve
X = T (X)

bagintisiyla ifade edilen bir sistemin denge noktalar!
f(x)=0

esitliginin reel kokleridir.



Ozdeger ve Ozvektor

0(7) = det(A - 1) =0
* Denklemini saglayan A degerlerine A matrisinin
ozdegerleri denir.

* Bu/degeriniAx = Axveya (A-ANXx =0

da yerine koyarak elde edilen sifirdan farkl
cozumler, A matrisinin bu 6zdegerine karsi gelen
ozvektoruddur.



Kararlilik nedir?

X = AX + BuU
y =CX+ Du

Sistemdeki tum bagimsiz kaynaklari devre disi
birakalim, o halde ¢c6zim:

X(t) = #(1).x(0)



Asimptotik Kararhlik
X = AX
Yukardaki denklemle tanimli bir sistemimiz olsun.

* x=0, denge noktasinda sistemimiz kararhdir, ancak ve ancak €>0 icin oyle bir
6=6(g)>0 fonksiyonu olsun ki;

[ [x(0)] [<6 ise [[|x(t)]|<e,
e Kararli degilse kararsizdir.

e Sistem kararli ve | [x(0)]|<6 kosuluna uyan bir & varsa sistem ayni zamanda
asimptotik kararhdir.



Ornek

Cx=—X/R
X =—X/RC

Cozum;
. —t/RC
X(t) =e X,
* R>O0isesistem asimptotik kararldir.

e R =oojsesistem kararlidir (acik devre).
* R<Oisesistem kararsizdir.

C=0







Homogeneous Linear Systems with Constant Coefficients

 We consider here a homogeneous system of n first order linear equations with
constant, real coefficients:

4
Xp =ap Xy + a5, X, +...+q, X,
4

2n“*n

’
X' =a, X +a,X, +...+a X

nn-"n

* This system can be written as x' = Ax, where

/Xl(t)\\ (all a,, ain\
Xy (t) a,, a,, Tec o Ay

X(1) =

\Xm (t)) kanl an2 T ann Y,



Equilibrium Solutions

* Note thatif n =1, then the system reduces to
X' = ax = X(t) =e*
 Recall that x =0 is the only equilibrium solution if a # 0.

 Further, x = 0is an asymptotically stable solution if a < 0, since other solutions
approach x = 0 in this case.

 Also, x =0 is an unstable solution if a > 0, since other solutions depart fromx =0
in this case.

e Forn>1, equilibrium solutions are similarly found by solving Ax = 0. We assume
detA # 0, so that x = 0 is the only solution. Determining whether x =0 is
asymptotically stable or unstable is an important question here as well.



Phase Plane

When n = 2, then the system reduces to
X1’ = A X F A X
X; = Ay Xy + Ay X5
This case can be visualized in the x,x,-plane, which is called the phase plane.

In the phase plane, a direction field can be obtained by evaluating Ax at many
points and plotting the resulting vectors, which will be tangent to solution vectors.

A plot that shows representative solution trajectories is called a phase portrait.

Examples of phase planes, directions fields and phase portraits will be given later
in this section.



Solving Homogeneous System

To construct a general solution to x' = Ax, assume a solution of the

form x = Ee™, where the exponent r and the constant vector € are to
be determined.

Substituting x = Ee™ into x' = Ax, we obtain

rée" =Age" <= rg=A < (A—-rl)g=0

Thus to solve the homogeneous system of differential equations x'
Ax, we must find the eigenvalues and eigenvectors of A.

Therefore x = Ee is a solution of x' = Ax provided that ris an
eigenvalue and & is an eigenvector of the coefficient matrix A.
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Ee' in for x, and rewriting system as

1
(A-r1)& = 0, we obtain

 Adirection field for this system is given below.
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Example 1
Consider the homogeneous equation x' = Ax below.
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Example 1: Eigenvalues (2 of 9)

Our solution has the form x = Ee™, where r and § are found by
solving
1—r 1 s (O
4 1-r )& ) O
Recalling that this is an eigenvalue problem, we determine r by

solving det(A-rl) = O:

= A-—r)"—4=r>—-2r—-3=(r —=3)(r+1

1—r 1
4 1—r

Thusr;=3andr, =-1.



Example 1: First Eigenvector (3 of 9)

* Eigenvector for r, = 3: Solve
=0 = (0, SJ2)-lo)= (4 2ME)-(o
4 1-3 )\ &, 0 4 -2\, 0

by row reducing the augmented matrix:

2 1 0 1 —-1/2 O 1 —-1/2 O 15 —1/2&, =0
—> —> —>
4 —2 O 4 -2 0 0 0 O 0&, =0

1/2 1/2 1
— &% = =2 ) C , C arbitrary — choose £ =
So 1 2



Example 1: Second Eigenvector (4 of 9)

* Eigenvector for r, =-1: Solve
(A—rE=0 o 1+1 (&) _(0) . (2 1Y&)_(0O
B 4 1+1)\ &, ) (O 4 2)& ) (o

by row reducing the augmented matrix:

2 1 0 1 1/2 0 1 1/2 0 1£ +1/2&, =0
—> —> —>
4 2 0 4 2 0 0O 0 O 0&, =0

—1/2 —1/2 1
— & = 2 _¢ , C arbitrary — choose §® =
Sz 1 — 2



Example 1: General Solution (5 of 9)

The corresponding solutions x = e of x' = Ax are

x® (1) = [;je?’t, x &) (t) = [_ ;Ljet

The Wronskian of these two solutions is

eSt e—t

—2t
2e’t  _—2et =—4e =0

W [x(l) , x2) ](t) =

Thus x1) and x(2) are fundamental solutions, and the general

solution of x' = Ax is
X(t) = ¢, xP (t) + c,x® (1)

1 1
= Cl[zjeg’t + cz[ Zjet



Example 1: Phase Plane for x'1) (6 of 9)

To visualize solution, consider first x = ¢,x!1):

X 1
x® (1) =[ 1) = cl[ je?’t < X, =ce’, x, =2ce™
X 2
Now
3t 3t 3t Xl X2
C, 2¢C

Thus x!!) lies along the straight line x, = 2x,, which is the line through origin
in direction of first eigenvector &)

If solution is trajectory of particle, with position given by
(X1, Xx,), then itis in Q1 when ¢, >0, and in Q3 when ¢, < 0.
In either case, particle moves away from origin as t increases.



Example 1: Phase Plane for x!?) (7 0f9)

Next, consider x = ¢,x(?):

X 1) _ _ _
x(z)(t)=[ 1j=c2[_2jet < X, =c,e", X, =-2c,e"

X2
Then x?) lies along the straight line x, = -2x,, which is the line
through origin in direction of 2nd eigenvector &?)

If solution is trajectory of particle, with position given by (x;, x,),
then itisin Q4 when ¢, >0, and in Q2 when ¢, < 0.

In either case, particle moves towards origin as t increases.



Example 1:
Phase Plane for General Solution (8 of9)

The general solution is x = ¢,x* + ¢,x(?):;

t) — 1 3t 1 —t
X(t) = Cl[zje + C, E Zje
X

As t — oo, ¢,x!!) is dominant and c¢,x'?) becomes negligible. Thus, for ¢, # 0, all
solutions asymptotically approach the line x, = 2x, as t — oo.

Similarly, for ¢, # 0, all solutions asymptotically approach the line x, =-2x, ast — -
0,

The origin is a saddle point,
and is unstable. See graph.




Example 1:
Time Plots for General Solution (9 of 9)

The general solution is x = ¢,x* + ¢,x(?):;

1 1 X, (t c,e’ +c.e™"
x(t) = cl[ jegt + cz[ jet = [ 2 )j :( L 2 tj
2 — 2 X, (1) 2c,e” —2c,e
As an alternative to phase plane plots, we can graph x, or x, as a function of t. A

few plots of x, are given below.

Note that when ¢, = 0, x,(t) = c,e* — 0 as t — . Otherwise, x,(t) = c,e3 + c,e?
grows unbounded as t — oo.

Graphs of x, are similarly obtained.




(1 of 9)

jx
Ee' in for x, and rewriting system as

2
— 2
(A-rl)& = 0, we obtain

—3
V2

|

e Substituting x

’

Example 2
Consider the homogeneous equation x' = Ax below.
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Example 2: Eigenvalues (2 of 9)

Our solution has the form x = Ee™, where r and § are found by
solving
e B
[ J2 —2- rj &) \o

Recalling that this is an eigenvalue problem, we determine r by
solving det(A-rl) = O:

_3_r V2

/3 _Z_r:%e3—004%4)—2=r +5r+4=(r+1)(r+4)

Thusr;,=-1andr, = -4.



Example 2: First Eigenvector (3 of 9)

* Eigenvector for r, =-1: Solve
_ -3+1  NJ2) & \_(0) _ (-2 V2)&)_(O
(a-me=o = [0 2N E)-(0)= (2 ) E)-(0)

by row reducing the augmented matrix:
—zﬁo_) 1 —J/2/2 o_)1—J§/20
J2 -1 0 J2 ~1 0 0 0 O

N2 12E 1
@ _ 2 @ _
—> & _[ fzj—>choose§ —[ Ej



Example 2: Second Eigenvector (4 of 9)

* Eigenvector for r, =-4: Solve

oo = (43 B3 (2 R

by row reducing the augmented matrix:

[ 1 /2 Oj_)[l J2 oj_)g(z)_[—\/i@j
J2 2 0 0O 0 O B E,

—> choose g = (_ \/E:J



Example 2: General Solution (5 of 9)

The corresponding solutions x = e of x' = Ax are

x(l)(t)z[ \/Eljet, x<2>(t)=(

—+/2
1

The Wronskian of these two solutions is

W [x(l) , %2 ](t) _| _°

—t

J2et

o \/Ee—m

e4t

—3e ~0

Thus x1) and x(2) are fundamental solutions, and the general

solution of X' = Ax is

x(t) = ¢, x¥ (1) + ¢, x? (1)

—c [ 1jet +C [_ ﬁ)e‘“
H V2 2 1



Example 2: Phase Plane for x'1) (6 of 9)

To visualize solution, consider first x = ¢,x!1):

X 1
x® (1) =[ 1) = cl[ﬁjet < x,=ce’, x,=+/2ce™

X2

Now

_ . . X X
X, =Cce ', X, =~2cet < e'="L=—22_ < x,=+2X
c, +/2¢

Thus x{!) lies along the straight line x, = 2%x,, which is the line through
origin in direction of first eigenvector &%)

If solution is trajectory of particle, with position given by (x,, x,), then it is
in Q1 when ¢, >0, and in Q3 when ¢, < 0.

In either case, particle moves towards origin as t increases.




Example 2: Phase Plane for x{?) (7 of9)

Next, consider x = ¢,x(?):

X _
x 2 (1) :[ 1) = Cz[ \/Eje‘” < X, =—+/2c,e™, x, =c,e™™

X5 1

Then x?) lies along the straight line x, = -2”x,, which is the line
through origin in direction of 2nd eigenvector &)

If solution is trajectory of particle, with position given by
(x,, X,), then itis in Q4 when ¢, >0, and in Q2 when ¢, < 0.

In either case, particle moves towards origin as t increases.



Example 2:
Phase Plane for General Solution (8 of9)

The general solution is x = ¢,x* + ¢,x(?):;

D _ 1 —t (2) . —\/E _At
X (t)—[ﬁje , X (t)—[ Je

As t — oo, ¢,x!!) is dominant and c¢,x'?) becomes negligible. Thus, for ¢, # 0, all
solutions asymptotically approach origin along the line x, = 2% x, as t > .

Similarly, all solutions are unbounded as t — - .

The origin is a node, and is
asymptotically stable. X0




Example 2:
Time Plots for General Solution (9 of 9)

The general solution is x = ¢,x* + ¢,x(?):;
B 1) —2 ) (1)) (cet—+/2c,e™
X(t) =c,; e +cC, e < = .
\ 2 1 X, (1) v2ce " +c,e™™

As an alternative to phase plane plots, we can graph x, or x, as a function of t. A
few plots of x, are given below.

Graphs of x, are similarly obtained.




2 x 2 Case:
Real Eigenvalues, Saddle Points and Nodes

 The previous two examples demonstrate the two main cases for a 2 x 2 real
system with real and different eigenvalues:

— Both eigenvalues have opposite signs, in which case origin is a saddle point
and is unstable.

— Both eigenvalues have the same sign, in which case origin is a node, and is
asymptotically stable if the eigenvalues are negative and unstable if the
eigenvalues are positive.

xlii](,)




Eigenvalues, Eigenvectors
and Fundamental Solutions

In general, for an n x n real linear system x' = Ax:
— All eigenvalues are real and different from each other.
— Some eigenvalues occur in complex conjugate pairs.
— Some eigenvalues are repeated.

If eigenvalues r,,..., r, are real & different, then there are n corresponding linearly
independent eigenvectors €Y),..., E(", The associated solutions of x' = Ax are

wx D (t) — %(l)erlt N (M (t) — &J(n)ernt

Using Wronskian, it can be shown that these solutions are linearly independent,
and hence form a fundamental set of solutions. Thus general solution is

x =cgPe™ +...+c gMe™



Hermitian Case: Eigenvalues, Eigenvectors & Fundamental
Solutions

 |f Aisan n x n Hermitian matrix (real and symmetric), then all
eigenvaluesr,,..., r, are real, although some may repeat.

* |n any case, there are n corresponding linearly independent and
orthogonal eigenvectors E),..., E. The associated solutions of x'

AXare x® ) —g®Went . x™(t)=gMen

and form a fundamental set of solutions.



Example 3: Hermitian Matrix (1 of 3)

Consider the homogeneous equation x' = Ax below.

0 1 1)
X'=|1 0 1|X
1 1 0

The eigenvalues were found previously in Ch 7.3, and were: r;=2,r,=-1and r; = -
1.

Corresponding eigenvectors:

(1 )
g(l) = 1], §(2) _ 0|, §(3) _ 1
5 \— \—L



Example 3: General Solution (2 of 3)

e The fundamental solutions are

1) 1) (0D
xP ={1le*, x®P =] 0", x®P =] 1l
L —L \—L
with general solution

(1) (1) 0

x=c|1lle*+c,|] Ole

ey \—1) \—1)

+Cc;| 1ie




Example 3: General Solution Behavior (3 of 3)

The general solution is x = ¢, x!1 + ¢,x?) + ¢,x):

(1) (1) O 0)
x=c/|1lle*+c,|] Ole"+c,| 1l
&y —1 —1

As t — o, ¢,;x\!) is dominant and ¢,x!?, c,x®) become negligible.
Thus, for ¢, #0, all solns x become unbounded as t - oo,
while for ¢, =0, all solns x > 0as t — co.

The initial points that cause ¢, = 0 are those that lie in plane determined by &)
and E3). Thus solutions that start in this plane approach origin as t — .



Complex Eigenvalues and Fundamental Solns

* If some of the eigenvalues r,,..., r, occur in complex conjugate pairs, but otherwise
are different, then there are still n corresponding linearly independent solutions

x D (t) — %(l)erlt N x (M (t) — é(n)ernt ,

which form a fundamental set of solutions. Some may be complex-valued, but
real-valued solutions may be derived from them.

* |f the coefficient matrix A is complex, then complex eigenvalues need not occur in
conjugate pairs, but solutions will still have the above form (if the eigenvalues are
distinct) and these solutions may be complex-valued.



Repeated Eigenvalues and Fundamental Solns

* If some of the eigenvaluesr,,..., r, are repeated, then there may not be n
corresponding linearly independent solutions of the form

| wx D (t) — %(l)erlt N X(n).(t) — &J(n)ernt
 |n order to obtain a fundamental set of solutions, it may be necessary to seek

additional solutions of another form.

* This situation is analogous to that for an nth order linear equation with constant
coefficients, in which case a repeated root gave rise solutions of the form

This case of repeated eigenvalues is examined in Section 7.8.
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